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Abstract. We discuss p- variation regularity of real-valued functions defined on [0, T]^, based on 
rectangular increments. When p > 1, there are two slightly different notions of p-variation; both 
of which are useful in the context of Gaussian roug paths. Unfortunately, these concepts were 
blurred in previous works (2] [3] ; the purpose of this note is to show that the afore- mentioned 
notions of p- variations are "e-close". In particular, all arguments relevant for Gaussian rough 
paths go through with minor notational changes. 



1. Higher-dimensional p- variation 
Let T > and At = {{s,t) : < s < t < T} .We shall regard ((a, b) , (c, d)) G At x At as 



(closed) rectangle Ac [0,T] 



A 



a, b 
c, d 



:= [a, b] X [c, d] ; 



if a = 6 or c = d we call A degenerate. Two rectangles are called essentially disjoint if their 
intersection is empty or degenerate. A partition 11 of a rectangle R C [0,T]^ is then a a finite set 
of essentially disjoint rectangles, whose union is R; the family of all such partitions is denoted by 
V {R). Recall that rectangular increments of a function / : [0,T]^ K are defined in terms of 
/ evaluated at the four corner points of A, 



a, b 
c, d 



-/ 



/ 



Let us also say that a dissection D of an interval [a, b] C [0, T] is of the form D ~ {a ^ 
we write V {[a, b]) for the family of all such dissections. 

Definition 1. Let p G [1, oo). A function f : [0, T]^ M. has finite p-variation if 



< tr. 



I 



yp(/;[s,t] X {u,v\) := 
it has finite controlled p-variatioi^ if 

\'^\p-var-^[s^t] X [u,v] 



sup 

D={u)ev{[s,t]) ^ 

\D' = {tr)^V([u,v\) 



f' t' 



< oo; 



i/p 



sup [Y.\f{A)f 

ne-p([s,t]x [«,«]) \a^yi / 



< oo. 



Our main theorem below will justify this terminology. 
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The difference is that in the first definition (i.e. of V^) the sup is taken over grid-like partitions, 

f' f' 

n) e V{[s,t]) 

Clearly, not every partition is grid-like (consider e.g. [0, 2]^ [0, 1]^ U [1, 2] x [0, 1] U [0, 2] x [1, 2]) 



1 < i < n, 1 < < m 

based on D,D' where D = [U : 1 < i < n) e T>{[s,t]) and D' = (t^ : 1 < j < m) £ V{[u,v]) 
Clear] 
hence 



vAf;R)<\f\,....;R- 



2 



for every rectangle Rc [0,T] 

Definition 2. A map lj : At x At [0, oo) is called 2D control if it is continuous, zero on 
degenerate rectangles, and super-additive in the sense that, for all rectangles R C [0,T], 

n 

^ u (R,) <Lu{R), whenever {R, : 1 < i < n} e V (R) . 

i=l 

Our result is 

Theorem 1. (i) For any function / : [0,r]^ — )■ M and any rectangle R G [0,r], 

(1-1) \f\l-.ar:B=yiif-^R)- 

(a) Let p £ [l,oo) and e > 0. There exists a constant c — c{p,e) > 1 such that, for any function 
/ : [0, r] — )■ M and any rectangle R C [0, T], 

(1-2) TJjTl) - ^) - l-^lp-™r;fl ■ 

(Hi) If f : [0,r]^ — > M is of finite controlled p -variation, then R H> \ f\^p-varR super-additive, 
(iv) If f : [0,r]^ — > R is continuous and of finite controlled p-variation, then R M- |/|p_„ar-_R ^ 
2D control. Thus, in particular, there exists a 2D control lu such that 

V rectangles R C [0,T] : \f {R)^ < uj (R) 

As will be seen explicitly in the following example, there exist functions / which are of finite 
p-variation but of infinite controlled p-variation; that is. 



which also shows that one cannot take e = in (|1.2I) . In the same example we see that p-variation 
Ri-^ Vp{f; RY can fail to be super-additivcQ. 

Example 1 (Finite (l/2iJ)-variation of fBM covariance, G (0, 1/2]. ). Let denote fractional 
Brownian motion with Hurst parameter H ; its covariance is given by 

C" (s, t) E (/3f /3f ) i (t''" + s'" - \t - s|'^) , s, t G [0, T]^ e (0, 1/2]. 

We show that has finite 1/ {2H) -variation in 2D sens^ and more precisely, 

Vi/i2H) (C";[s,tf) <CH\t-sf" . 



in contrast to controlled p-variation R \ f\p_^^^.ji which yields a 2D control, cf part (iv) of the theorem. 
•^This is a minor modification of the argument in [3] where it was assumed that D = D' . 
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(By fractional scaling it would suffice to consider [s, t] = [0, 1] but this does not simplify the argument 
which follows). Consider D — (ti) , D' = (t^) G V [s, t]. Clearly, 



E 



(1.3) 
(1.4) 
(1.5) 



< 



E 



H 



1 

2H 

by super- additivity of ( ID!) controls. The middle term is estimated by 



E 



2H 

^-var;[ti,tij^i] 



sup 



whe 



used that [sk,Sk+i] C implie 



E 



< ch \sk+i - Sk 



2H 



The first 



term U.3\) and the last term U.5\) are estimated by exploiting the fact that disjoint increments of 
fractional Brownian motion have negative correlation when H < 1/2 (resp. zero correlation in the 

Brownian case, H = 1/2); that is, E (^P^df^abj — ^ whenever a < b < c < d. We can thus estimate 



as follows 
E 



2H 

-var;[s,ti] 



E 



< 2275" 



h'ti,ti + iPs,ti 



E 



The covariance of fractional Brownian motion gives immediately E 



— Ch (ii+i — ti). 



On the other hand, C [s,ij+i] implies E a+if^^ti — '^h — ti\; hence 



E 



< Ch \ti+i — ti 



jj^-var;[s,ti] 

As already remarked, the last term is estimated similarly. It only remains to sum up and to take 
the supremum over all dissections D and D' . 

Example 2 (Failure of super-addivity of (l/2iJ)-variation, infinite controlled (l/2_ff)-variation of 
fBM covariance, H G (0, 1/2). ). We saw above that 



Vi/i2H) {C";[0,T] 



< oo. 



When H = 1/2 we deal with Brownian motion and see that its covariance has finite 1-variation, 
which, by (i),(iv) of theorem[ll constitues a 2D control for C^l"^ . In contrast, we claim that, for 
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H < 1/2, there does not exist a 2D control for the 1/ [2H) -variation of . In fact, the sheer 
existence of a super-additive map uj (in the sense of definition\^ such that 

V rectangles R C [0,r] : \C" < w (i?) 

leads to a contradiction as follows: assume that such a lu exists. By super- addivity, 

and uj is super-additive (in fact, a 2D control) thanks to part (iv) of the theorem. On the other 
hand, by fractional scaling there exists C such that 

\/{s,t) e At ■■u}{[s,t]^) ^C\t-s\. 

Let us consider the case T — 2 and the partition 

[0,2]2 = [0,l]2u[l,2]2ui?Ui?' 

with R — [0, 1] X [1, 2], R' — [1, 2] x [0, 1]. Super- addivitiy of ui gives 

co{[0,l]')+Cj{[l,2r)+oj{R)+Cj(R') < Cj{[0,2]'), 
C{l-0) + C{2-l)+oj{R)+oj{R') < 2C, 

hence u) (i?) = Cj {R') = 0, and thus also 

C" {R) = E [(Sf - O (Bf - Bf )] = 0; 

which is false for H 1/2 and hence the desired contradiction. En passant, we see that we must 
have 

1^ \l/{2H)-var;[0,T]^ ^ 

for otherwise part (iv) of theorem\T\ would yield a 2D control for the 1/ {2H) -variation of . This 
also shows that, with f = and p = 1/ {2H) one has 



Remark 1. The previous examples clearly show the need for theorem [H' variational regularity 
of can he controlled upon considering [{1/2H) -\- e\-variation rather than 1/ {2 H)- variation. 
In applications, this distinction never matters. Existence for Gaussian rough paths for instance, 
requires 1/ {2H) < 2 and one can always insert a small enough e. It should also he point out that, 
hy fractional scaling, 

\^ \[l/(2H)+e]-var;[s,t]^ ~ ^\ ' 

hence, even in estimates that involve directly that variational regularity of , no e loss is felt. 

Acknowledgement 1. The authors are indebted to Bruce Driver for pointing out, in the most 
constructive and gentle way, that R^Vp[f; Kf is not, in general, super- additive. 
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2. Proof of (i) 

We claim the controlled 1-variation is exactly equal to its 1-variation. More precisely, for all 
rectangles Rc [0,T]^ we have 

\f\l...r;R = Vl{f;R). 

Proof. Trivially Vi (/; -R) < l/li-var _R- ^'^^ other inequality, assume 11 is a partition of R. It is 
obvious that one can find a grid-like partition II, based on D x D', for sufficiently fine dissections 
D, D', which refines 11 in the sense that every A e 11 can be expressed as 

A = UiAi (essentially disjoint). At G II. 

Prom the very definition of rectangular increments, we have / (A) = ^ - / {Ai) and it follows that 
1/ (^)l — J2i 1/ (^i)l- (Note that this estimate is false if |-| is replaced by \-f ,p > !•) Hence 

E 1/(^)1 <E 1/(^)1 ^l/ll-var;H- 

Aen Aefi 

It now suffices to take the supremum over all such 11 to see that l/li.^ar-fl — (/' -^)- '-' 



3. Proof of (ii) 

The second inequality Vp (/;i?) < |/|p_var ,r trivial. Purthermore, if Vp {f;R) = +00 there is 
nothing to show so we may assume Vp (/; R) < +00. We claim that, for all rectangle R C [0, T]^, 

l/U-var;ii<c(p,e)^p(/;i?). 

For the proof wc note first that there is no loss in generality in taking R = [0,T]^; an affine 
reparametrization of each axis will transform R into [0, T]^, while leaving all rectangular increments 
invariant. The plan is to show, for an arbitrary partition {Qk) € V ^[0,r]^^, the estimate 

(j2 1/ (Q*^)!"^') < c iP, e) Vp (/; [0, Tf) . 

where c depends only on p, e for any partition {Qk) G V ^[0, T]^^ . The key observation is that for 
a suitable choice of y,x,D = (U) , D' = (tj) we have 

(3.1) = 12\f(.Qk)r^"~'^9n{f{Qk))f{Qk) 



^ 3 



ydx. 

DxD' 
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Indeed, we may take (as in the proof of part (i)) sufficiently fine dissections D ~ {ti) ,D' = (i^) € 
V [0,T] such that the grid-like partition based on D x D' refines (Qt); followed by setting 



X 

y 



f 



where Qk is the of the form {a,b] x {c,d] whenever Qk — [a,b] x [c,d]. Lemma [T] below, applied 
with p + e instead of p, says 



Va 



< 4 



ip+e 



where q := 1/ (1 — 1/ {p + e)) denotes the Holder conjugate oi p + e. Since 



1 1 

p q 



1 1 



> 1, 



^p p + e, 

noting also that y (0, ■) — y (•, 0) — 0, we can use Young- Towghi's mELximal inequality [U Thm 
2.1.], included for the reader's convenience as theorem|3]in the appendix, to obtain the estimate 



< c{p,e)V,{y;[0,Tf)Vp[x;[0,Ty 



< 4.C ip, e) 



|P+e 



Since 1 — - — -r- and x — f we see that 



< 4c 



{p,e)Vp(^f;[0, 



and conclude by taking the supremum over all partitions (Qk) G V y[0,TY 

Lemma 1. Fix p > 1 and write p' for the Holder conjugate i.e. 1/p' + l/p — 1. Let (Qj) S 
7'([0,r]2) andy = j:^\x{Q,)r^ sgn{x{Q,))lQ^. Then 

{y,[0,Tf) < |2/|p,._,[o.T]= <4 (^El^(Q»)l') ■ 

Proof. Only the second inequality requires a proof. By definition, (Qj) forms a partition of [0,r]^ 
into essentially disjoint rectangles and we note that y{.,0) = y{0,.) — 0. Consider now another 

partition (Ri) e V ^[0, T]^^ . The rectangular increments of y over Ri spells out as "H h sum" 

of y evaluated at the corner points of Ri. Recall that on each set Qj the function y takes the 
consant value 

Cj ■■= \x {Qj)f'^ sgn {x (Qj)) . 



^The "right-closed" form of Qfc in the definition of y is tied to our definition of fjjy jji ydx which imposes "right- 
end-point-evaluation" of y. Recall also that is really a point in {{a,b) , (c, d)) G At x At; viewing it as closed 
rectangle is pure convention. 
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Since the corner points of Ri are elements of Qj-^ U Qj^ U Qj^ U Qj^ for suitable (not necessarily 
distinct) indices ji , . . . , j4 we clearly have the (crude) estimate 

(3.2) \y{Rd\< E l^^-l 

and, trivially, any j ^ {ji, J2, J3, J4} is not required in estimating \y {Ri)\. Let us distinguish a few 
cases where we can do better than in 13.21 

Case 1: There exists j such that all four corner points of Ri are elements of Qj (equivalently: 
3j : Ri C Qj). In this case 

y (i?j) = Cj - Cj - Cj + Cj = 0. 
In particular, such an index j is not required to estimate \y {Ri)\- 

Case 2: There exists j such that precisely two corner pointsfl of Ri are elements of Qj. It follows 
that the corner points of Ri are elements of U Qj^ U Qj for suitable (not necessarily distinct) 
indices ji, j2- Note however that j ^ {ji, j2}- In this case 

y (-^«) ^ji ^ji '-■J2 ■ 

In general, this quantity is non-zero (although it is zero when ji — j2 , which is tantamount to say 
that Ri C U Qj). Even so, we note that 

\yiR)\ < K\ + K\ 

and again the index j is not required in order to estimate \y {Ri)\. 

Case 3: There exists j such that precisely one corner point of Ri is an element of Qj. In this case, 
for suitable (not necessarily distinct) indices ji, j2, js with j ^ {ji,j2,j3} 

\y \ ^ |Cjl - - + Cjl < |Cj, - Cj^ - Cj., \ + |Cj| . 

In this case, the index j is required to estimate \y {Ri)\. (There is still the possibily for cancellation 
between the other terms. If j2 — js, for instance, then \y {Ri)\ < \cj-^ \ + \cj\ and indices j2, J3 are not 
required; this corresponds precisely to case 2 applied to Qj^. Another possiblility is that {ji, ^2, J3} 
are all distinct in which case |?/(i?i)| < jcj^j + \cj^ \ + \cj^ \ + \cj\ is the best estimate and all four 
indices ^1,^2,^3,^ are needed in the estimate. 

The moral of this case-by-case consideration is that only those j G (i) where 

<j) (i) := {j : precisely one corner point of Ri is an element of Qj} 
are required in estimating |y (i?j)|; more precisely, 

ie</>(i) 

Since rectangles (here: Ri) have four corner points it is clear that ^cf) (z) < 4 where # denotes the 
cardinality of a set. Hence 



"^The case that three corner points of Ri are elements of Qj already implies (rectangles!) that all four corner 
points of Ri are elements of Qj. This is covered by Case 1. 
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where we introdudced the matrix with value 1 if j € (i) and zero else. This allows us to write 

i i j 



Consider now, for fixed j, the number of rectangles Ri which have precisely one corner point inside 
Qj. Obviously, there can be a most 4 rectangles with this property. Hence 



It follows that 

i j 3 j 



where we used that (p —l)p'= p. Upon taking the supremum over all partitions [Ri] of [0, T] we 
obtain 

|ytva.;[0,TP<4^'El^(Q')l"' 
i 

as desired. The proof is finished. □ 

4. Proof of (iii) 

The claim is super-additivity of 

R^ sup E 1/(^)1' • 

Assume {Ri : 1 < i < n} constitutes a partition of R. Assume also that Hj is a partition of Ri for 
every 1 <i <n. Clearly, 11 := Uf^iIIi is a partition of R and hence 

n 

i/(A)r = Ei/(^)r<'^(^) 

i=i ^eiii AeTi 
Now taking the supremum over each of the 11 j gives the desired result. 



5. Proof of (iv) 



The assumption is that / : [0, T]^ — > M is continuous and of finite controlled p- variation. Prom 
(iii), 

is super-additive as function of R. It is also clear that u) is zero on degenerate rectangles. It remains 
to be seen that ui : At x At [0, oo) is continuous. 
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Lemma 2. Consider the two (adjacent) rectangles [a,b] x [s,t] and [a,b] x [t,u] in [0,TY .Then, 



CO 



a, b 
s, u 



a, b 



a, b 
s, u 



a, b 
t, u 
i-i/p 



mm < oj 



a, b 
t, u 



,0J 



a, b 
s, t 



i/p 



Proof. Prom the very definition of co {[a, b] x [s, u]), it follows that for every fixed £ > 0, there exists 
a rectangular (not necessarily grid-like) partition of [a,b] x [s,u], say 11 e V {[a,b] x [s,u]), such 
that 



Ren 



a, b 
s, u 



■ e. 



Let us divide 11 in 11; UIIto un^ where 11; contains all i? G 11 such that R C [a, b] x [s, t], Ilr contains 
all R £ U : R C [a,b] X [t, u] and contains all remaining rectangles of 11 (i.e. the one such that 
their interior intersect with the line [a, b] x [t, t]. It follows that 



E \fiR)f+ E 1/(^)1'+ E i/(^)r>^( 

flen, flsHm ReUr- ^ 



a, b 
s, u 



— e 



Every R G If^ can be split into (essentially disjoint) rectangles Ri C [a, b] x [s, t] and i?2 C 
[a, b] X [t,u]. Set = {Ri : Ri e n„} and similarly. Note that H; U G P {[a, b] x [s,t]) 
and U Ilr G P {[a, b] x [t, u]). Then, with 

A:= E [\f{RW-\f{Ri)r-\f{R2)n 

ReTim 



we have 



E l/(i?)r+ E \fiRr + ^>u^i[a,b]x[s,u])-e 



and hence ,we have 



OJ 



a, b 
s,t 



a, b 
t, u 



A > w 



a, b 
s, u 



■ £. 



We now bound A. As f{R) = f {Ri) + f {R2), 

^ = E \f{R()+fiRi}\'-\f{R()\'-\f{R() 



R'GTlr, 



^ E (|/ (^0 1 + 1/ (^2) I)' - |/ (Ri) f - |/ (Ri) 

ReUm 

^ E (kMI+k(^OI)'-kM 



ReU-r, 
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If = [tj, Tj+i] X [c, d] , define i?i = [t^, Tj+i] x [s, u] . Then, quite obviously, we have / (^Ri^ 



< 



f[R: 



< a; ( i?3 j . By the mean value theorem, there exists 6' G [0,1] such that 



< 



p{\f[R{)\ + e\f[Ri)\y\f(Ri) 



1-1/p 



f(R^ 



' s, u 



2 

1-1/p 



Tj,Tj+l 
t, U 



1/p 



Hence, summing over j, and using Holder inequality 



S, U 



t, U 



1-1/p 



1/p 



a, b 
s, u 



s, u 

1-1/p 



t, U 



a, b 
t, u 



1/p 



Interchanging the roles of _Riand i?2, we also obtain that 

1-1/p 



A < p2'p-'lo 



a, b 
s, u 



a, b 
t, u 



1/p 



which concludes the proof. 



□ 



Continuity: cj is a map from Ay x A7- — J> [0, 00); the identification of points ((ai, 02) , (03, 04)) S 



Ay X Ay with rectangles in [0, T]^ of the form A = 



01,02 
03,04 



[fli, 02] X [03, 04] is pure convention. 



If A is non-degenerate (i.e. a\ < 02,03 < 04) and \h\ = max^^^j^ \hi\ sufficiently small then 

Ah (ai+/ii)V0,(a2 + /i2)Ar 

• (as + /i3) V 0, (04 + /i4) A T 

is again a non-degenerate rectangle in [0,T]^. We can then set for r > 0, sufficiently small, 

^o;r j^{r,—r,r^—r) j^{—r^r. — r,r) 

and note that, whenever \h\ is small enough to have well-defined, 

(5.1) c AcaI''I, 

(5.2) c A^cA^^^. 

The above definition of A^ (and A"'"^, A^) is easily extended to degenerate A, such that the 
inclusions (I5.1l) . (|5.2p remain valid: For instance, in the case ai = 02 we would replace the first line 
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in the definition of A'^ by 

(ai + hi) V 0, (02 + A T if /ii < < /i2 
(ai + hi) V 0,02 if /ii,/i2 < 
ai,(a2 + /i2) ATif /ii,/i2 >0 

oi, 02 a hi > > /i2 

and similarly in the case 03 = 04. We will prove that, for any rectangle A C [0,T]^, 

uj{A'') -^u{A) as \h\iO. 

This end we can and will consider \h\ is small enough to have A°'^'^^ (and thus A'^,A^'^^) well-defined. 
By monotonicity of cj, it follows that 

and the limits, 

(5.3) oj°{A) : ^limu;{A°--'^) <uj{A) , 

id {A) : ^\imuj{A'-) >uj{A), 

exist since uj {A°'^) [resp. w (^'')] are bounded from above [resp. below] and increasing [resp. 
decreasing] as r 10. It follows that 

oj° {A) < lima; (A^) < ISa; (A^) < Q (A) . 

\h\lQ \h\iO 

The goal is now to show that uj° {A) = oj (A) ("inner continuity") and ui (A) = to (A) ("outer 
continuity") since this implies that lima ; {A'^) ~ lima; {A'^) — uj [A), which is what we want. 
Inner continuity: We first show that a;° is super-additive in the sense of definition [2] To this end, 
consider {Ri\ £ V {R), some rectangle R C [0,T]^. For r small enough, the rectangles 

are well-defined and essentially disjoint. They can be completed to a partition of i?^''' and hence, 
by super-additivity of uj, 

^.(<-)<a.(i?°-); 

i 

sending r J, yields the desired super-addivity of cu°] 

i 

On the other hand, continuity of / on [0,T]^ imphes 

|/(A)r < \f{A°nf + oil) 

< a;(A°''') + o(l) as r ;0 

and hence \ f {A)f < uj° [A), for any rectangle A C [0, T]^. Using super-additivity of uj° immediately 
gives 

uiR)''"'^"'- sup ^|/(^)r<a.°(i?); 
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together with (|5.3p we thus have uj (R) = uj° (R). Smce R was an arbitrary rectangle in [0, T]^ inner 
continuity is proved. 

Outer continuity: We assume A C (0,r)^ (i.e. < ai < 02 < T, < 03 < a4 < T) and take 
r > small enough so that 



A" 



ai - r,a2 + r 
03 — r,a4 + r 



the general case A C [0,T]^ is handled by a (trivial) adaption of the argument for the remaining 
cases (i.e. ai = or a2 = T or as = or a4 = T). We first note that 



< 



ai - r,a2 + r 
as — r, 04 + r 

ai - r, 02 + r 
as - r, 04 + r 

fli — r, a2 
as ~ r, 04 + r 

fli, 02 
as — r, 04 + r 



ai, 02 
as, 04 

as - r, 04 + r 

ai, a2 
as — r, 04 + r 

fli, 02 
as, a4 + r 





ai,a2 ^ 




ai 


02 A 














^ as,a4 + r ^ 






04 y 



Now we use lemma [2j with 
A 

we have 



ai - r,a2 + r 
as — r, a4 + r 



ai — r, a2 
as — r, a4 + r 



\^ as - r, 04 + r y V ' V ^ as - r, 04 + r y 

/a2,a2 + r\ An -risV"^^^ (a2,a2+rV''^ 

and similar inequalities for the other three terms in our upper estimate on u [A'') - UJ {A) above. 
So it only remains to prove that for a G (0, T) 

"o,?' )' "0^?" )' ^( a,a + r )' ^ ( a a ) 

converge to when r tends to O.But this is easy; using super-addivity of uj and inner-continuity we 
see that 

( a,a + r \ f a,T \ f a + r,T \ 

as r 4, 0. 

Other expressions are handled similarly and our proof of outer continuity is finished. 
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6. Appendix 

6.1. Young and Young- Towghi discrete inequalities. 

6.1.1. One dimensional case. Consider a dissection D = [Q — to, tn — T) ^ T) ([0, T]) . We define 
the "discrete integral" between x, y : [0, T] — > R as 

^ n 

= ydx ^^ytiXt,_,,ti- 



Lemma 3. Let p,q > 1, assume that 9 = 1/p + 1/q > 1. Assume x, y : [0, T] — K are finite p- 
resp. q-variation. Then there exists ti^ £ D\{0,T} (equivalently: Iq G {1, .. .,n — l}) such that 



ydx 



D\{Uo} 



ydx 



< 



1 



in -I) 



^ \9 I \p-var, [o.T] \y\q -var,[0,T] 



Iterated removal of points in the dissection, using the above lemma, leads immediately to Young's 
maximal inequality which is the heart of the Young's integral construction. 

Theorem 2 (Young's Maximal Inequality). Let p,q > 1, assume that 9 = 1/p + 1/q > 1, and 

consider two paths x, y from [0, T] into K. of finite p-variation and q-variation, with yo = 0. Then 



ydx 



< 



(1 + C(^)) \^\p-var;[0,T] \y\q-var;[0,T] 



and this estimate is uniform over all D G T>([0,T]). 
Proof. Iterative removal of "zq" gives, thanks to lemma [3l 



ydx 



D 



ydx 



{0,T} 



< 



I ip-var, [o,T] \y\q -var,[0,T] 



„>2 (" - 1) 
< C (^) klp-var,[0,T] 1 2/ 1 g-var, [0,T] 

Finally, /|o,t} = yTXo,T = yo,TXo,T since yo,T = yr - yo and yo = and hence 



{O.T} 



ydx 



\yO,TXo,T\ < |a;|p_var,[O.T] l2/lg-var,[0,T] 



and we conclude with the triangle inequality. 

Proof. (Lemma [3]) Observe that, for any ti G D\ {0,r} with 1 < i < n — 1 



lD\{U} ^ 



yti,ti+iXti_i,ti 



We pick tig to make this difference as small as possible: 



< 



jD jD\{U} 



for alliG{l,...,ri — 1} 



As an elementary consequence, we have 

jD _jD\{u,,} 



n-l 



< 



D _ jD\{U} 



1/e 



□ 
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1 I _ JD\{U}\^/'^ 



The plan is to get an estimate on X)i=i V ~ ^ 
that 



independent of n. In fact, we shall see 



(6.1) 



D\{U} 



i/e 



< X 



p-var, [o,T] \y\q -var,[0,T] 



and the desired estimate 



rD _ rD\{u„} 



< 



1 



— 1/ l^lp-^rJO.T] lylq-var,[0,T] 

follows. It remains to establish (16.11) : thanks to Holder's inequality, using 1/ {q9) + 1/ {p9) — 1, 



Cm— 1 
E 
1=1 

.1/9 



g8 /ti-1 



E 



< k 



1/9 



var, [0,T] Iflg-varJO.T] 



and we are done. 



□ 



6.1.2. Young-Towghi maximal inequality (2D). We now consider the two-dimensional case. To 
this end, fix two dissections D = {0 = to, ...,tn ^ T) and D' = (0 = tg, ij„ = T) ,and define the 
discrete integral between x,y : [0,T] — > R as 



(6.2) 



JDxD' 



Lemma 4. Let p,q > 1, assume that 9 = l/p+ 1/q > 1. Assume x,y : [0,T] — )> R are finite p- 
resp. q-variation. Then there exists tig £ D\{0,T} (equivalently: io 6 {1, . . .,n — l} such that for 
every a G (1,6*), 



dx 



DxD' 



D\{u„}xD' 



ydx 



< 



n-1 



1 + C 



Vp(x; [0,Tf^V,{y;[0,Ty 



Iterative removal of "ig" leads to Young- Towghi's maximal inequality. 

Theorem 3 (Young-Towghi Maximal Inequality). Let p,q > 1, assume that 6 = 1/p + 1/q > 1, 

and consider x,y : [0,r]^ R of finite p- resp. q-variation and y {Q, ■) = 2/(',0) = 0. Then, for 
every a G (1, ^), 



ydx 



DxD' 



< 



1 + C 



C{a) + {1 + Ci9)) 



Vp(^x; [0,Tf)Vg(y; [0,r]' 



and this estimate is uniform over all D,D' G I?([0,T]) 
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Proof. Iterative removal of " io" gives 



ydx — / ydx 

iDxD' J{0,T}xD' 



It only remains to bound 



< c 



T 



(a) (l + < (^)) It {'=■. \O.Tf) V, (»; |0,T1') ^ 



{o,r}xD' 







yd^ = J2y\ t', \ t't' 



0,T 
f 



where we used y [ = in the last equality. From Young's ID maximal inequality, we have 



ydx 



{a,T}xD' 



0,. 



i3-var,[0,T] 



< (i + C(e)) 

< il + CiO))Vp(^x;[0,Tf)Vg{y;[0,T] 
The triangle inequality allows us to conclude. 

Proof. (Lemma [4]) Observe that, for any ti G D\ {0,T} 



0,T 



p-var,[0,T] 



□ 



tD.D' 



D' 



2/1 la;' 



y\ U' 



where we used y ( ^ ) ~ 0. We pick tig to make this difference as small as possible: 



jD.D' _jD\{u„},D' < 

As an elementary consequence, 

(6.3) ID,D' _ jD\{Ug},D' 



jD.D' _ jD\{ti},D' 



1 / -1 n— 1 

1=1 



for all i G {1, . . . , n — 1} 



D.D' 



_ jD\{U},D' 



n 



I/O 



The plan is to get an estimate on 51]"= i^ 
D' e 27 ([0, T]); in fact, we shall see that 

n-l 



jD,D' _ jD\{ti},D' 



(6.4) A^^^' ^ I^D.D' _^z,\{M.i^'p/" < ^v, (x-[Q,Tfy"v, (y;[0,T]^ 

i=l 

with c = 1 + C(^) ^^^d the desired estimate 
I' 



l/a 



independent of n and uniformly in 



1/q 



l/a 
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follows. It remains to establish (|6.4p : to this end we consider the removal of t'j £ {0,r} from 
D' and note that 



Using the elementary inequality \a 



l/a lill/a 



< \a — valid for a, & G M and a > 1 we have 



jDM' _ jD\{ti},D' 



l/a 



jD.D'\{tr} _ jD\{u}.D'\{tr} 



l/a 



< 



^jD,D' _jD\{U}.D'^ _ (^jD.D'\{tr} _ jD\{U},D'\{tr}^ 



l/a 



Hence, summing over i, we get 



n— i 



=1 

n-1 



I/O 



(6.5) 



< 



< 



E 

=1 

/n-l 

E 

\i=l 
'n-1 

E 



f' f' 



t'i, ti+1 
f' f' 



l/a 



f' f' 

.i-i'.'i 



l/a 



t' f' 



9q/a\ Oq /n-1 

) (s 

1 

q\ aq /n—\ 



f' f' 



6p/a\ 



p\ ap 



in the last step we used that the £^p/" norm on M" ^ is dominated by the norm (because 
dp / a > p) . It follows that 



(6.6) 
where 



'n~l 



f' f' 



fn-1 



- E 



i' i' 



We pick G {0, T} (i.e. 1 < jo ^ ™ ~ 1) to make this difference as small as possible, 
we shall see below that 



(6.7) 



,D.D' _ .D.D'\{t',J 



< 



1 



m — 1 



Vp[x; [0,T]- 



iterated removal of '' jo'' yields 



1/q 



l/a 



l/a 



Vo 



l/a 
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as m 



we estimate 

n-l 

y 



i=l 



^2 — 1 1 ^2 

O.T 



l/a 



< ■ ■ ■ <Vp [x,[0,TY ]'^'' Vjy,[0,T] 



I/O 



and (|6.4p follows, as desired. The only thing left is to establish (|6.7p . Using (|6.6p we can write 



< 




Using the geometric/ arithmetic inequality, we obtain 




< 



< 



< 




and, similarly. 



i=i 



< 



m — 1 



{y, [o,T]' 



l/a 



Using — + — = —, we thus arrive at 
which is precisely the claimed estimate (|6.7p . 



I/O 
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